Abstract. We show that for a large class of actions Γ
Introduction and Statement of the main result
This note is concerned with the structure of intermediate C * -subalgebras B, C * λ (Γ) ⊆ B ⊆ A ⋊ r Γ, where Γ A is an action of a C * -simple group Γ on a unital C * -algebra A. For a large class of such actions, we give complete description of intermediate C * -subalgebras. Namely, we show that if the kernel of the action contains a subgroup with respect to which, Γ has the Powers' averaging property, all the intermediate C * -subalgebras are of the form of reduced crossed product.
Definition. A non-trivial Λ ≤ Γ is called a plump subgroup, if the following holds: For every ǫ > 0 and finite subset F ⊂ Γ \ {e}, there exist s 1 , s 2 , . . . , s m ∈ Λ such that
Theorem 1.1. Let Γ be a discrete group with the approximation property(AP), let A be a unital Γ-C * -algebra. Suppose that the kernel of the action Γ A contains a plump subgroup of Γ. Then, every inter-
We give examples of several classes of actions Γ A which fall into the premises of Theorem 1.1, in the last section. In particular, we show the following. Theorem 1.2. Let Γ be a hyperbolic group with trivial amenable radical. For any non-faithful action Γ A, every intermediate
In a recent paper [10] , Suzuki proved a similar result giving a complete description of intermediate
where the action Γ X is free and π : X → Y is a factor map.
Proof of Main Theorem
For a faithful * -representation π : A → B(H) of A into the space of bounded operators on the Hilbert space H, the crossed product C * -algebra A ⋊ r Γ is generated (as a C * -algebra inside B(ℓ 2 (Γ, H)), the space of square summable H-valued functions on Γ) by a unitary representation λ of Γ and a faithful * -representation of A in B(ℓ 2 (Γ, H)).
This representation translates the action Γ
A into an inner action by the unitaries λ s , s ∈ Γ.
The reduced crossed product A⋊ r Γ comes equipped with the faithful canonical conditional expectation, E : A ⋊ r Γ → A, which is defined by E(a) = a and E(aλ s ) = 0 for a ∈ A and s ∈ Γ \ {e}. We refer the reader to [4] for more details on this.
Proof of Theorem 1.1. Let A be a unital Γ-C * -algebra and let B an intermediate
Since Λ acts trivially on A, we get that
Since ǫ > 0 is arbitrary, this shows that E(B) ⊂ B. By [9, Proposition 3.4], it follows that B = E(B) ⋊ r Γ.
Examples
In this section, we give examples of several classes of actions Γ A, which satisfy the conditions of Theorem 1.1. For this, we use the characterization of C * -simplicity in terms of Powers' averaging property, proved independently by Haagerup [5] and Kennedy [8] . First, we give conditions under which a subgroup Λ is plump in Γ.
Lemma 3.1. Let λ be a subgroup of Γ. Suppose that there is a free action of Γ on a compact Hausdroff space X such that the action of Γ restricted to Λ is strongly proximal. Then Λ is plump in Γ.
Proof. First, proceeding exactly as in the proof of [5, Theorem 4.5], one sees that τ 0 ∈ {s.ϕ : s ∈ Λ} weak* for each state ϕ on C * λ (Γ). Again, by the same theorem, for any finite collection t 1 , t 2 , . . . , t n ∈ Γ − {e} and ǫ > 0, there exist s 1 , s 2 , . . . , s m ∈ Λ such that 1 m m j=1 λ s j λ t i λ s −1 j < ǫ, for each i = 1, 2, . . . , n .
Proposition 3.2 ([3, Lemma 5.3]).
Suppose that Λ is a normal C * -simple subgroup of Γ with trivial centralizer inside Γ. Then, Λ ∂ F Λ extends to a free action of Γ on ∂ F Λ. In particular, Λ is plump in Γ.
Corollary 3.3. Let Γ be a C * -simple group such that the centralizer C Γ (a) of any non-trivial element a ∈ Γ is amenable. Then for any nonfaithful action Γ A, every intermediate
Proof. In the light of Proposition 3.2 and Theorem 1.1, it is enough to show that C Γ (Λ) = {e}, where Λ is the kernel of the action Γ A, which is non-trivial by the assumption. Since Λ is normal, so is C Γ (Λ). Moreover, C Γ (Λ) ⊂ C Γ (s) for a non-trivial s ∈ Λ is amenable by the assumption. Since Γ is C * -simple, it does not contain any non-trivial normal amenable subgroups. Hence, C Γ (Λ) = {e}.
Proof of Theorem 1.2. Let Γ be a hyperbolic group with trivial amenable radical. The action Γ ∂Γ, of Γ on its Gromov boundary is topologically amenable [1] , which implies that the stabilizer Γ x of any point x ∈ ∂Γ is amenable. Since every non-torsion element s ∈ Γ acts hyperbolically on ∂Γ, there exist x Hence,
which is a contradiction. Thus, for any non-trivial t ∈ C Γ (s), we get that
is amenable. Now, Corollary 3.3 completes the proof.
The following two examples are general constructions of non-faithful actions for which Theorem 1.1 applies.
We denote the free group generated by a set S with F S .
Example 3.4. Let Γ be a discrete group, let S be a generating set for Γ such that Γ = F S . Let ϕ : F S → Γ be the canonical surjective homomorphism. Let α : Γ → Aut(A) be any action of Γ on a unital C * -algebra A, letα = α • ϕ be the composition action of F S on A. Since, Ker(ϕ) is non-trivial, the kernel of the action F S A is nonfaithful. By Theorem 3.3, every intermediate
Example 3.5. Let Γ be a C * -simple group, and let Λ be a normal subgroup with trivial centralizer in Γ. Let X := {0, 1}
Γ/Λ and consider the action of Γ on X defined by g.f (s) = f (g −1s ), for f ∈ X, g ∈ Γ ands ∈ Γ/Λ. Since Λ is plump in Γ by Proposition 3.2, and Λ acts trivially on X, it follows from Theorem 1.1 that every intermediate
In the case of countable groups Γ, it turns out that a subgroup Λ is plump iff there exists a C * -simple measure on Γ which is supported on Λ. We recall from [6] that a probability µ on Γ is C * -simple if the canonical trace τ 0 is the unique µ-stationary state on C * λ (Γ), that is, τ 0 is the unique state on C * λ (Γ) satisfying
Proposition 3.6. Let Γ be a countable discrete group. A subgroup Λ ≤ Γ is plump in Γ iff there exists a C * -simple measure µ ∈ Prob(Γ) such that supp(µ) ⊆ Λ.
Proof. Suppose that Λ is plump in Γ. Then, for any finite collection t 1 , t 2 , . . . , t n ∈ Γ − {e} and ǫ > 0, there exist s 1 , s 2 , . . . , s m ∈ Λ such that 1 m Thus, the C * -simple measure µ constructed from the sequence {µ n }, as in the proof of [6, Theorem 5.1] is also supported inside Λ.
The converse follows from [6, Proposition 4.7] and a standard approximation argument.
